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Abstract
We study T-duality transformations in canonical formalism for Nambu-
Gotto action. Then we investigate the relation between world-sheet double
Wick rotation and sequence of target space T-dualities and Wick rotation in
case of fundamental string and D1-brane.
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1 Introduction and Summary
A double Wick rotation on the string world-sheet was proposed in [1] and now it is
well known that it is a very useful tool for the study of AdS/CFT correspondence,
for review see [2]. It is crucial that double Wick rotation has sense in case of the light
cone gauge fixed string since only in this case the double Wick rotation transforms
string world-sheet theory non-trivially. In fact, the thermodynamics of this different
two dimensional quantum field theory gives the solution of the spectral problem of
AdS/CFT when the spectrum of the string on AdS5×S5 is computed with the help
of the thermodynamic Bethe ansatz for this mirror model [3, 4, 5, 6].
Due to the significance of the double Wick rotation one can ask the question
whether this transformation has more physical meaning. Such a question was firstly
posed in [9] and it was shown there that the double Wick rotation on the world-sheet
of the gauge fixed bosonic string is equivalent to the particular transformation of
the metric and NS-NS two form. This analysis was then extended to the case of the
uniform gauge fixed Green-Schwarz superstring in [10] where it was shown that the
double Wick rotation is equivalent to the particular transformation of metric, NS-NS
two form and dilaton and Ramond-Ramond fields. It was also shown there that these
transformations can be interpreted from a target space perspective as a combination
of T dualities and analytic continuition, following A. Tsytlin’s suggestion.
Due to the fact that the idea that the double Wick rotation could have deeper
physical meaning is very attractive we applied it for another two dimensional theory
which is a low energy effective action for D1-brane in [11]. In this paper we firstly
determined uniform gauge fixed action for D1-brane in general background. Then
we applied double Wick rotation for this theory and we found that the double Wick
rotated action has the same form as the original one when the background gravita-
tional and NS-NS two form fields transform as in [9] while we found that dilaton and
Ramond-Ramond fields transform differently. We suggested that this discrepancy
could be explained by the fact that D1-brane behaves differently under T-duality
transformations but we leaved the detailed analysis of this issue for future. The aim
of this paper is to answer this question. More precisely, we would like to see how
suggested combinations of T-dualities and Wick rotation in the target space-time
can be performed on the world-sheet of the fundamental string and D1-brane action.
Due to the fact that the gauge fixing is important for the given procedure and since
this gauge fixing is performed when we fix one of the components of momenta rather
than target space coordinate we perform T-duality transformation on the level of
the Hamiltonian formalism. In fact, the interpretation of T-duality transformation
as canonical transformation was given in [12] 2 in case of gauge fixed string action.
We generalize this analysis to the case of the Nambu-Gotto (NG) action which is
invariant under two dimensional diffeomorphism and we obtain celebrated Buscher’s
rules for the T-duality transformations of the background metric and NS-NS two
form field [14, 15] 3.
2For review, see [13].
3We would like to stress that given procedure could be equivalently performed with Polyakov
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Using this result we perform sequence of T-duality transformations and Wick
rotation in the target space-time and we show that when we impose the uniform
gauge in the resulting Hamiltonian we obtain that the Hamiltonian for the physical
degrees of freedom is the same as in case of the double Wick rotated gauge fixed
theory with an important exception that the sequence of T-duality transformation
andWick rotation do not generate a change Bµν → −Bµν where Bµν are components
of NS-NS two form fields that are transverse to the directions where corresponding T-
duality and Wick rotations were performed. On the other hand it is well known that
the transformation B → −B is the symmetry of supergravity equations of motion
with the absence of RR fields. So that whenever string propagates on background
with g, B that solves the supergravity equations of motion it can propagates on the
background with g,−B. So that without lost of consistency we can augment the
sequence T-duality and Wick rotation with an additional operation B → −B. Then
this extended sequence of operation is equivalent to the double Wick rotation of the
uniform gauge fixed string theory4.
As the next step we extend this analysis to the case of D1-brane effective action
which consists of Dirac-Born-Infeld (DBI) action and Wess-Zummino (WZ) term.
We firstly apply the canonical transformations for this theory and we derive how
the background fields transform. However we should stress that we are able to
perform such an analysis when we presume that the electric flux is fixed. This is a
natural requirement since it is well known that the electric flux is proportional to the
number of the fundamental strings and we would like to compare two actions when
the number of fundamental strings is the same. We find that under this canonical
transformation the dilation and Ramond-Ramond fields transform differently than
we should expect from T-duality rules which has very simple explanation. We argue
that the final action corresponds to the fundamental string action moving in T-dual
background when however the components of the background fields that appear in
Buscher’s rules correspond to the S-dual background when we use the equivalence
of the D1-brane action (with constant electric flux) and fundamental string action
in S-dual background [18].
Due to this fact we can now explain the discrepancy that we found in the previous
paper [11]. Explicitly, we perform the sequence of canonical transformations and
Wick rotation in case of Hamiltonian for D1-brane. Then we perform the uniform
gauge fixing and we again find that the Hamiltonian for the physical degrees of
freedom implies the transformation rules for the target space fields that have the
same form as in case of the double Wick rotation performed on the uniform gauge
fixed D1-brane effective action again with an exception that components of Ramond-
Ramond two forms that are transverse to the directions of duality transformations
do not transform. On the other hand we can again argue for the existence of the
form of the string action. Explicitly, the Hamiltonian has the same form as in case of NG string with
subtle difference that now the primary constraints are the momenta conjugate to the components of
the world-sheet metric. Then the requirement of their preservations gives the secondary constraints
Hτ ,Hσ. Note that these constraints are the primary constraints of the NG string.
4The discussion is more subtle in case of non-zero RR fields and for detailed discussion see [10].
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symmetry C(2) → −C(2), B → −B of the solutions of the supergravity equations
of motion so that we find exact equivalence between double Wick rotation of the
uniform gauge fixed D1-brane action and sequence of ”canonical transformation-
target space double Wick rotation-canonical transformation-(C2 → −C(2) , B →
−B)”.
Let us outline results derived in given paper. We generalize the canonical de-
scription of T-duality transformations for the string with no gauge fixing imposed.
Then we show that the sequence of T dualities and Wick rotation in target space-
time together with the uniform gauge fixing leads to the theory that is equivalent to
the double Wick rotated gauge fixed theory. On the other hand we show that given
procedure when applied to D1-brane action again gives theory that is equivalent
to the double Wick rotated uniform gauge fixed theory which however cannot be
interpreted as T-duality transformations.
This paper is organized as follows. In the next section (2) we determine T-
duality transformations of the background fields as a canonical transformation of the
Nambu-Gotto action for the fundamental string. In section (3) we perform sequence
of T-duality transformations and Wick rotation in the Hamiltonian formulation of
given theory and discuss its relation with the double Wick rotated uniform gauge
fixed action. Section (4) is devoted to the generalization of given procedure to the
case of D1-brane and finally in section (5) we perform the combinations of T-duality
transformations and Wick rotation in case of Hamiltonian formulation of D1-brane
theory.
2 T-duality for Fundamental String in Canonical
Formalism
We would like to perform the analysis of T-duality as the canonical transformation
of the NG action, following [12]. We start with the Nambu-Gotto action for the
fundamental string
SNG = − 1
2πα′
∫
dτdσ
[√
− det g + 1
2
ǫαβBMN∂αx
M∂βx
N
]
, (1)
where gαβ = GMN∂αx
M∂βx
N , ǫτσ = −ǫστ = 1 and where xM ,M = 0, . . . , d label the
embedding coordinates of the string. Further, GMN(x), BMN(x) are components of
the background gravitational and NS-NS fields respectively.
As the first step we proceed to the Hamiltonian formulation of the action (1).
From (1) we obtain the conjugate momenta
pM = − 1
2πα′
GMN∂αx
Ngατ
√
− det g − 1
2πα′
BMN∂σx
N .
(2)
If we now define ΠM = pM +
1
2piα′
BMN∂σx
N we obtain from (2) following primary
3
constraint
Hτ = (2πα′)ΠMGMNΠN + 1
(2πα′)
GMN∂σx
M∂σx
N = 0
(3)
together with the spatial diffeomorphism constraint
Hσ = pM∂σxM . (4)
Then it can be shown that the bare Hamiltonian density defined as HB = pM∂τx
M−
L vanishes identically and the extended Hamiltonian density is a sum of the primary
constraints of the theory
H = λτHτ + λσHσ , (5)
where λτ , λσ are Lagrange multipliers corresponding to the constraintsHτ ≈ 0 ,Hσ ≈
0. It can be further shown that Hτ ,Hσ are the first class constraints that are gen-
erators of two dimensional diffeomorphism of the world-sheet.
Let us presume that there is a direction in the target space-time that is invariant
under constant shift
θ → θ + ǫ , ǫ = const . (6)
In other words all background fields do not depend on θ. Our goal is to perform the
canonical transformation from θ to θ˜. Let us presume that this generating function
has the form
G(θ, θ˜) =
1
4πα′
∫
dσ(∂σθθ˜ − θ∂σ θ˜) , (7)
where we presume that θ has canonical dimension [θ] = length. Let us denote the
momentum conjugate to θ˜ as pθ˜. From the definition of the canonical transforma-
tions we derive following relations between canonical momenta pθ and pθ˜
pθ˜ = −
δG
δθ˜
= − 1
2πα′
∂σθ ,
pθ =
δG
δθ
= − 1
2πα′
∂σθ˜ .
(8)
Now we obtain canonically dual Hamiltonian when we replace ∂σθ with −(2πα′)pθ˜
and pθ with − 12piα′∂σ θ˜ in Hτ and Hσ given in (3) and (4). Explicitly, we find
H˜τ = (2πα′)ΠˆµGµνΠˆν − 2(2πα′)ΠˆµGµνBνθpθ˜ + (2πα′)pθ˜BµθGµνBνθpθ˜ −
− 2ΠˆµGµθ∂σ θ˜ + 2ΠˆµGµθBθν∂σxν + 2Bµθpθ˜Gµθ∂σθ˜ − 2BµθpθGµθBθν∂σxν +
+
1
2πα′
Gθθ(∂σθ˜)
2 − 2 1
2πα′
∂σθ˜G
θθBθµ∂σx
µ +
1
(2πα′)
Bθµ∂σx
µGθθBθν∂σx
ν +
+ (2πα′)Gθθp
2
θ˜
− 2Gµθ∂σxµpθ˜ +
1
(2πα′)
Gµν∂σx
µ∂σx
ν ,
H˜σ = pµ∂σxµ + pθ˜∂σθ˜ ,
(9)
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where
Πˆµ = pµ +
1
2πα′
Bµν∂σx
ν , (10)
µ, ν = 0, 2, . . . , d . We see from (9) that it is very difficult to identify the theory in
dual picture. To do this it is more instructive to proceed to the Lagrangian formu-
lation of the theory. Explicitly, with the help of (9) we derive following relations
∂τx
µ = {xµ, H} = 2λτ [(2πα′)GµνΠˆν − (2πα′)GµνBνθpθ˜ −Gµθ∂σθ˜ +GµθBθν∂σxν ] + λσ∂σxµ ,
∂τ θ˜ =
{
θ˜, H
}
= 2λτ [−(2πα′)ΠµGµνBνθ + (2πα′)BµθGµνBνθpθ˜ +BµθGµθ∂σθ˜ −
− BµθGµθBθν∂σxν + (2πα′)Gθθpθ˜ −Gθν∂σxν ] + λσ∂σ θ˜ .
(11)
Then after some algebra we find
gµνΠˆν =
1
2(2πα′)λτ
(Xµ + 2λτV
µ + 2(2πα′)λτG
µνBνθpθ˜) ,
pθ˜ =
1
2(2πα′)λτGθθ
(Θ +BµθX
µ + 2λτGµθ∂σx
µ) ,
(12)
where
Vµ = Gµθ∂σ θ˜ −GµθBθν∂σxν , Xµ = ∂τxµ − λσ∂σxµ , Θ = ∂τ θ˜ − λσ∂σ θ˜ . (13)
In order to express Πˆµ from (12) we have to find the inverse matrix to G
µν . Recall
that by definition
GMNG
NK = δKM , GµMG
Nν = GµρG
ρN +GµθG
θν = δνµ (14)
and hence we see that Gµν is not inverse to G
µν . It turns out that given matrix has
the form
hµν = Gµν − GµθGνθ
Gθθ
(15)
as can be easily seen from (14)
hµνG
νρ = δρµ , G
θµhµν = −Gθν
Gθθ
.
(16)
Then we obtain
Πˆµ =
1
2(2πα′)λτ
hµν(X
ν + 2λτV
ν + 2(2πα′)λτG
νρBρθpθ˜) (17)
and after some algebra we find the Lagrangian for dual theory in the form
L˜ = pθ˜∂τ θ˜ + pµ∂σxµ − λτH˜τ − λσH˜σ =
=
1
4(2πα′)λτ
(
g˜ττ + 2λσg˜τσ + λ
2
σg˜σσ
)− 1
2πα′
λτ g˜σσ −
− 1
2πα′
∂τx
µB˜µν∂σx
ν − 1
2πα′
∂τ θ˜B˜θ˜µ∂σx
µ − 1
2πα′
∂τx
µB˜µθ˜∂σθ˜ ,
(18)
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where
g˜αβ = G˜θ˜θ˜∂αθ˜∂β θ˜ + G˜θ˜µ∂αθ˜∂βx
µ + G˜µθ˜∂αx
µ∂β θ˜ + G˜µν∂αx
µ∂βx
ν ,
(19)
and where we defined T-dual components of the metric and NS-NS two form
G˜µν = hµν +
BµθBνθ
Gθθ
, G˜µθ˜ = G˜θ˜µ =
Bµθ
Gθθ
, G˜θ˜θ˜ =
1
Gθθ
B˜µν = Bµν +
BµθGθν
Gθθ
− GµθBθν
Gθθ
, B˜θ˜µ = −B˜µθ˜ = −
Gθµ
Gθθ
(20)
that coincide with Buscher’s transformations [14, 15]. In order to have more familiar
form of the Lagrangian density we solve the equations of motion for λτ and λσ that
follow from (18). Explicitly, the equation of motion for λσ has the form
g˜τσ + λσg˜σσ = 0 (21)
while the equation of motion for λτ takes the form
− 1
4λ2τ
[g˜ττ + 2λσg˜τσ + λ
2
σg˜σσ] + g˜σσ = 0 (22)
that together with (21) implies
λτ =
√
g˜2τσ − g˜ττ g˜σσ
2g˜σσ
. (23)
Inserting these expressions into the Lagrangian density (18) we obtain the final
result
L˜ = − 1
2πα′
(√
− det g˜ + 1
2
ǫαβ b˜αβ
)
(24)
that is the Lagrangian density for Nambu-Gotto string in T-dual background.
3 T-duality and Double Wick rotation
We have shown in the previous section that canonical transformation in the Hamilto-
nian formulation of NG string gives the action for the string in T-dual background.
Using this result we focus in this section on the relation between T-duality and
double Wick rotation. We presume that the background has the form [7, 8, 9]
ds2 = GMNdx
MdxN = Gttdt
2 +Gϕϕdϕ
2 +Gµνdx
µdxν ,
B = BMNdX
MdXN = Bµνdx
µdxν ,
(25)
6
where µ, ν denote the transverse directions. Following [7, 8] we introduce light cone
coordinates
x− = ϕ− t , x+ = (1− a)t + aϕ (26)
with inverse relations
t = x+ − ax− , ϕ = x+ + (1− a)x− . (27)
Then corresponding metric components have the form
G++ = Gtt+Gϕϕ , G−− = Gtta
2+(1−a)2Gϕϕ , G+− = −aGtt+(1−a)Gϕϕ (28)
with inverse
G++ =
Gtta
2 + (1− a)2Gϕϕ
GttGϕϕ
, G−− =
Gtt +Gϕϕ
GttGϕϕ
,
G+− =
aGtt − (1− a)Gϕϕ
GttGϕϕ
.
(29)
In the light cone coordinates the Hamiltonian and diffeomorphism constraints have
the form
Hτ = (2πα′)p+G++p+ + 2(2πα′)p+G+−p− + (2πα′)p−G−−p− +
+
1
2πα′
[G++(∂σx
+)2 + 2G+−∂σx
+∂σx
− +G−−(∂σx
−)2] +Hx ,
Hσ = p+∂σx+ + p−∂σx− + pµ∂σxµ ,
(30)
where
Hx = (2πα′)ΠµGµνΠν + 1
2πα′
Gµν∂σx
µ∂σx
ν , Πµ = pµ +
1
2πα′
Bµν∂σx
ν .
(31)
Now we are ready to study the relation between T-duality and double Wick rotation.
Let us presume that the background does not depend on x−. Our goal is to perform
the canonical transformation from x− to ψ, where, following discussion presented in
previous section, the generating function has the form
G(θ, ψ) =
1
4πα′
∫
dσ(∂σx
−ψ − x−∂σψ) . (32)
Let us denote the momentum conjugate to ψ as pψ. Then we obtain
pψ = − 1
2πα′
∂σx
− , p− = − 1
2πα′
∂σψ
(33)
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so that we obtain T-dual Hamiltonian when we replace ∂σx
− with −(2πα′)pψ and
p− with − 12piα′ ∂σψ and hence
H˜τ = (2πα′)p+G++p+ − 2p+G+−∂σψ + 1
2πα′
G−−(∂σψ)
2 +
1
2πα′
(
G++(∂σx
+)2+
− 4πα′G+−∂σx+pψ + (2πα′)2G−−(pψ)2
)
+Hx ,
H˜σ = p+∂σx+ + pψ∂σψ + pµ∂σxµ .
(34)
Then following [9] we perform analytic continuation in the target space-time
(x+, ψ)→ (iψ˜,−ix˜+) , (p+, pψ)→ (−ip˜ψ, ip˜+) . (35)
so that we obtain
H˜τ = −(2πα′)p˜ψG++p˜ψ + 2p˜ψG+−∂σx˜+ − 1
2πα′
G−−(∂σx˜
+)2 +
+
1
2πα′
(
−G++(∂σψ˜)2 + 4πα′G+−∂σψ˜p˜+ − (2πα′)2G−−(p˜+)2
)
+Hx ,
H˜σ = p+∂σx+ + p˜ψ∂σψ + pµ∂σxµ .
(36)
Note that the way how the conjugate momenta p+, pψ transform under the analytic
continuation is given by the requirement that all terms in H˜σ come with + sign since
we demand that the string theory is invariant under world-sheet diffeomorphism and
hence Wick rotated H˜σ should have the same form as the original one.
Finally we perform T-duality transformation along ψ˜ direction that gives
p˜ψ = − 1
2πα′
∂σφ˜ , pφ˜ = −
1
2πα′
∂σψ˜ (37)
so that we obtain the final form of the Hamiltonian and diffeomorphism constraints
H˜τ = − 1
2πα′
(∂σφ˜)
2G++ − 2
2πα′
∂σφ˜G
+−∂σx˜
+ − 1
2πα′
G−−(∂σx˜
+)2 +
+ (2πα′)
(
−G++p2φ˜ − 2G+−pφ˜p˜+ −G−−(p˜+)2
)
+Hx ,
H˜σ = p+∂σx+ + p˜ψ∂σψ + pµ∂σxµ .
(38)
In order to find the Hamiltonian for the physical degrees of freedom we have to fix
the gauge. It turns out that it is natural to use uniform gauge fixing
pφ˜ =
1
2πα′
, x+ = τ . (39)
Then from H˜σ = 0 we find
∂σφ˜ = −(2πα′)(pµ∂σxµ) (40)
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and hence the Hamiltonian constraint is equal to
H˜τ = −(2πα′)(∂σxµpµ)2G++ − 1
2πα′
G++ − 2G+−p˜+ − (2πα′)p˜+G−−p˜+ +Hx = 0 .
(41)
Note that due to the gauge fixing the constraints H˜τ , H˜σ vanish strongly and hence
(41) serves as the quadratic equation for p˜+. In fact, −p˜+ should be identified as
the Hamiltonian density for the physical degrees of freedom after gauge fixing.
Now we would like to compare the equation (41) with the equation that defines
the Hamiltonian density for the physical degrees of freedom for of the uniform gauge
fixed string. Note that this gauge is imposed in the Hamiltonian formulation of the
string we identify p− =
1
2piα′
. Equivalently we can impose given gauge in T-dual
theory when we identify ψ with σ [16]. This construction has an advantage since
it does not require to go to the Hamiltonian formulation of given theory which
could be extremely difficult in case of Green-Schwarz action. However in our case
we can either choose the Hamiltonian constraint (30) and impose the gauge p− =
1
2piα′
, x+ = τ or use T-dual Hamiltonian constraint (34) with the following gauge
fixing functions
ψ = σ , x+ = τ . (42)
We choose the second possibility and using (42) in Hσ we obtain pψ = −(∂σxµpµ)
that together with (42) implies that (34) has the form
Hτ = (2πα′)p+G++p+ − 2p+G+− + 1
2πα′
G−− + (2πα′)G−−(pµ∂σx
µ)2 +Hx = 0 .
(43)
This is quadratic equation for p+. Comparing (43) with (41) we see that they have
the same form when we define metric components
G˜++ = −G−− , G˜−− = −G++ , G˜+− = G+− . (44)
In other words, the sequence of T-dualities and analytic continuation in target space-
time implies the transformation of the components of the target metric that has the
same form as the double Wick rotation in the uniform gauge fixed bosonic string
[9]. On the other hand we also see that components of NS-NS two form that are
transverse to the directions where these dualities were performed do not transform.
At this place we see the difference with the double Wick rotation of the gauge fixed
action [9] since in this case these components change the sign. In order to resolve
this issue we can extend the sequence of T-duality transformation and Wick rotation
with an additional transformation B → −B since as we argued in the introduction
whenever the background field B is solution of the supergravity equations of motion
so −B is too. In other words we have the equivalence between world-sheet double
Wick rotation and the sequence: ”T-duality-target space Wick rotation-T-duality-
B → −B.
9
4 D1-brane and Duality Transformation
In this section we apply the same ideas to the case of DBI and WZ action for
D1-brane. Let us start with D1-brane action
S = −TD1
∫
dτdσe−Φ
√
− det(gαβ + bαβ + (2πα′)Fαβ) +
+ TD1
∫
dτdσ[C(0)(bτσ + (2πα
′)Fτσ) + C
(2)
τσ ] ,
(45)
where
gαβ = GMN∂αx
M∂βx
N , bαβ = BMN∂αx
M∂βx
N , C(2)τσ = C
(2)
MN∂τx
M∂σx
N , (46)
and where xM(τ, σ) are embedding coordinates for D1-brane in given background.
Further, Fαβ = ∂αAβ − ∂βAα is the field strength of the world-volume gauge field
Aα, α = τ, σ. Finally TD1 is D1-brane tension TD1 =
1
2piα′
.
Before we proceed to the Hamiltonian formulation of the action (45) it is useful
to use following formula
det(gαβ + bαβ + (2πα
′)Fαβ) = det g + (bτσ + (2πα
′)Fτσ)
2 (47)
that holds in two dimensions only. Then from the action (45) we find momenta
conjugate to xM , Aσ and Aτ respectively
pM = TD1
e−Φ√− det g − ((2πα′)Fτσ + bτσ)2
(
GMN∂αx
Ngατ det g+
+ ((2πα′)Fτσ + bτσ)BMN∂σx
N
)
+ TD1(C
(0)BMN∂σx
N + C
(2)
MN∂σx
N) ,
πσ =
e−ΦTD1(2πα
′)((2πα′)Fτσ + bτσ)√− det g − ((2πα′)Fτσ + bτσ)2 + TD1(2πα
′)C(0) , πτ ≈ 0 .
(48)
Using these relations we find that the bare Hamiltonian is equal to
HB =
∫
dσ(pM∂τx
M + πσ∂τAσ − L) =
∫
dσπσ∂σAτ (49)
while we have three primary constraints
Hσ ≡ pM∂σxM ≈ 0 , πτ ≈ 0 ,
Hτ ≡ (2πα′)ΠMGMNΠN + 1
2πα′
(
e−2Φ +
(
πσ − C(0))2)GMN∂σxM∂σxN ,
(50)
where
ΠM ≡ pM − π
σ
2πα′
BMN∂σx
N − 1
2πα′
C
(2)
MN∂σx
N ,
(51)
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and where we used the fact that TD1 =
1
2piα′
. According to the standard treatment
of the constraint systems we introduce the extended Hamiltonian with all primary
constraints included
H =
∫
dσ(λτHτ + λσHσ − Aτ∂σπσ + vτπτ ) , (52)
where λτ,σ and vτ are Lagrange multipliers corresponding to the constraints Hτ ,Hσ
and πτ .
Now the requirement of the preservation of the primary constraint πτ ≈ 0 implies
the secondary constraint
G = ∂σπσ ≈ 0 . (53)
Then it can be shown that Hτ ,Hσ are the first class constraints, for details, see [17].
Now we can formally proceed to the discussion of the canonical transformation
as in the case of fundamental string. Let us presume that there is a direction that
is invariant under constant shift
θ → θ + ǫ , ǫ = const . (54)
Then we again consider the generating function into the form
G(θ, θ˜) =
1
4πα′
∫
dσ(∂σθθ˜ − θ∂σ θ˜) (55)
that implies the relation between momenta pθ and pθ˜ respectively
pθ˜ = −
1
2πα′
∂σθ , pθ = − 1
2πα′
∂σ θ˜ .
(56)
Then we obtain dual Hamiltonian when we replace ∂σθ with −(2πα′)pθ˜ and pθ with
− 1
2piα′
∂σθ˜ so that
H˜τ = (2πα′)ΠθGθθΠθ + 2(2πα′)ΠθGθµΠµ + (2πα′)ΠνGµνΠν +
+
1
2πα′
(
e−2Φ +
(
πσ − C(0))2)Gµν∂σxµ∂σxν −
− 2
(
e−2Φ +
(
πσ − C(0))2)Gµθ∂σxµpθ˜ +
+ (2πα′)
(
e−2Φ +
(
πσ − C(0))2)Gθθpθ˜pθ˜ ,
H˜σ = pµ∂σxµ + pθ˜∂σθ˜ .
(57)
In order to see how the background fields transform under this duality transforma-
tion we should find corresponding Lagrangian. Before we proceed to this question
we should stress one important point. In principle the electric flux that is given in
(57) is off-shell. However we know that this electric flux is proportional to the num-
ber of the fundamental strings. Our goal is to compare actions where this number is
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the same so that we consider canonical transformations for D1-brane theory where
we fix the gauge symmetry so that πσ = const. In fact, if πσ were the dynamical
variable we would get very complicated form of the Lagrangian density due to the
fact that now the Hamiltonian contains term like (πσ)2p2
θ˜
.
In order to proceed to the Lagrangian formulation we introduce following nota-
tions
Πµ = Πˆµ +Vµpθ˜ , Vµ = π
σBµθ + C
(2)
µθ ,
Πˆµ = pµ − π
σ
2πα′
Bµν∂σx
ν − 1
2πα′
C(2)µν ∂σx
ν ,
Πθ = − 1
2πα′
(∂σ θ˜ +Vµ∂σx
µ) , X = e−2Φ + (πσ − C(0))2 .
(58)
so that we can write H˜τ in the form
H˜τ = (2πα′)pθ˜(VµGµνVν +XGθθ)pθ˜ +
+ (2πα′)ΠˆµG
µνΠˆν + Πˆµ(−2∂σθ˜Gθµ − 2Vν∂σxνGθµ) + 4πα′ΠˆµGµνVνpθ˜ +
+ pθ˜(−2∂σθ˜GθµVµ − 2Vν∂σxνGθµVµ + 2XGµθ∂σxµ) +
+
1
2πα′
(
Gθθ(∂σ θ˜)
2 − 2Vµ∂σxµGθθ∂σ θ˜ + ∂σxµ(VµGθθVν)∂σxν +XGµν∂σxµ∂σxν
)
(59)
and hence we obtain
∂τ θ˜ =
{
θ˜, H
}
= 4πα′λτ (VµG
µνVν +X)Gθθpθ˜ +
+ 4πα′ΠˆµG
µνVν − 2(∂σθ˜GθµVν +Vσ∂σxσGθµVµ −XGµθ∂σxµ) + λσ∂σθ ,
∂τx
µ = {xµ, H} = 2λτ ((2πα′)GµνΠˆµ − (∂σθ˜ +Vν∂σxν)Gθµ + (2πα′)GµνVνpθ˜) + λσ∂σxµ .
(60)
Now from the last equation we get
Πˆµ =
1
2λτ
hµνX
ν − Gµθ
Gθθ
(∂σθ˜ +Vν∂σx
ν)−Vµpθ˜ , (61)
where
pθ˜ =
1
4πα′λτGθθX
(Θ +XµVµ + 2λτXGµθ∂σx
µ) , (62)
and where Θ,Xµ are defined in (13). If we then proceed in the same way as in case
12
of the fundamental string we derive final form of the dual Lagrangian density
L˜ = ∂τxµpµ + ∂τ θ˜pθ˜ −H =
= TD1
1
4λτ
(
g˜ττ − 2λσg˜τσ + λ2σg˜σσ
)− TD1λτXg˜σσ +
+ TD1
(
πσBµν + C
(2)
µν −
Gµθ
Gθθ
(πσBµθ + C
(2)
νθ ) +
Gνθ
Gθθ
(πσBµθ + C
(2)
µθ )∂τx
µ∂σx
ν+
+
Gµθ
Gθθ
∂τ θ˜∂σx
µ − Gµθ
Gθθ
∂τx
µ∂σθ˜
)
,
(63)
where
g˜ττ = ∂τx
µ
(
hµν +
VµVν
GθθX
)
∂τx
ν +
1
GθθX
(∂τ θ˜)
2 +
2
GθθX
∂τ θ˜∂τx
µVµ ,
g˜τσ = ∂τx
µ
(
hµν +
VµVν
GθθX
)
∂σx
ν +
1
GθθX
∂τ θ˜∂σθ˜ +
2
GθθX
∂τ θ˜∂σx
µVµ +
2
GθθX
∂σθ˜∂τx
µVµ ,
g˜σσ = ∂σx
µ
(
hµν +
VµVν
GθθX
)
∂σx
ν +
2
GθθX
∂τ θ˜∂σx
µVµ +
1
GθθX
(∂σθ˜)
2 .
(64)
Finally we eliminate λτ , λσ using corresponding equations of motion
λσ = − g˜τσ
g˜σσ
, λτ =
1
2
√
Xg˜σσ
√
g˜2τσ − g˜ττ g˜σσ .
(65)
Inserting back to the Lagrangian (63) we obtain final form of the dual Lagrangian
density
L = −TD1
√
e−2Φ + (π − C(0))2√− det g˜αβ +
+ TD1
(
(πB˜µν + C˜
(2)
µν )∂τx
µ∂σx
ν +
Gµθ
Gθθ
∂τ θ˜∂σx
µ − Gµθ
Gθθ
∂τx
µ∂σ θ˜
)
,
(66)
where
G˜µν = Gµν − GµθGνθ
Gθθ
+
(πBµθ + C
(2)
µθ )(πBνθ + C
(2)
νθ )
Gθθ(e−2Φ + (π − C(0))2) ,
G˜θ˜θ˜ =
1
Gθθ(e−2Φ + (π − C(0))2) ,
G˜θ˜µ = G˜µθ˜ =
1
Gθθ(e−2Φ + (π − C(0))2)(πBµθ + C
(2)
µθ ) ,
B˜µν = Bµν − GµθBνθ
Gθθ
+
GνθBµθ
Gθθ
.
C˜(2)µν = C
(2)
µν −
Gµθ
Gθθ
C
(2)
νθ +
Gνθ
Gθθ
C
(2)
µθ ,
(67)
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We would like to give physical interpretation of given transformation rules. To begin
with note that Type IIB theory is invariant under SL(2, Z) symmetry
GˆMN = e
1
2
(Φˆ−Φ)GMN , τˆ =
pτ + q
rτ + s
,
BˆMN = sBMN − rC(2)MN , Cˆ(2)MN = pCMN − qBMN ,
(68)
where τ = C(0) + ie−Φ and where ps − qr = 1. Let us presume that π = −|π| and
then choose following values of the parameters p, q, r, s [18] :
p = 0 , q = −1 , r = 1 , s = |π| (69)
so that we explicitly obtain
Cˆ(0) = − C
(0) + |π|
(C(0) + |π|)2 + e−2Φ , e
−Φˆ =
e−Φ
(C(0) + |π|)2 + e−2Φ ,
GˆMN =
√
(C(0) + |π|)2 + e−2ΦGMN ,
BˆMN = |π|BMN − C(2)MN , Cˆ(2)MN = BMN .
(70)
We see that when we combine the square root
√
(C(0) + |π|)2 + e−2Φ with √− det g˜
and use (70) we obtain that the Lagrangian density (66) has the form
L = − 1
2πα′
√
− det g¯ + 1
2πα′
(
B¯µν∂τx
µ∂σx
ν + B¯θ˜µ∂τ θ˜∂σx
µ + B¯µθ˜∂τx
µ∂σθ˜
)
, (71)
where
g¯αβ = G¯µν∂αx
µ∂βx
ν + G¯µθ˜∂αx
µ∂β θ˜ + G¯θ˜ν∂αθ˜∂βx
ν + G¯θ˜θ˜∂αθ˜∂β θ˜ , (72)
and where the background fields G¯MN , B¯MN have explicit form
G¯µν = Gˆµν − GˆµθGˆνθ
Gˆθθ
+
BˆµθBˆνθ
Gˆθθ
,
G¯θ˜θ˜ =
1
Gˆθθ
, G¯θ˜µ = G¯µθ˜ =
1
Gˆθθ
Bˆµθ ,
B¯µν = Bˆµν − GˆµθBˆνθ
Gˆθθ
+
GˆνθBˆµθ
Gˆθθ
,
B¯θ˜µ = −Bˆµθ˜ =
Gˆµθ
Gˆθθ
.
(73)
Now the physical interpretation of the canonical transformation (55) on the world-
volume of D1-brane is clear. It corresponds to the T-duality rules for the funda-
mental string moving in the S-dual background (70).
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5 Canonical Transformations and Double Wick
Rotation on D1-brane
In this section we perform the same analysis as in section (3) in order to find the
relation between sequence of canonical transformations and Wick rotation with the
double Wick rotation on the world-volume of gauge fixed D1-brane action. We again
consider the metric and NS-NS two form field in the form (25) and we introduce
the light cone coordinates as in (26) so that the metric components are given in
(28) and (29). Further, using the relation between light-cone coordinates and the
original ones we obtain following components of Ramond-Ramond two form
C
(2)
+− = −C(2)−+ = C(2)tϕ ,
C
(2)
+µ = −Cµ+ = C(2)tµ + C(2)ϕµ ,
C
(2)
−µ = −C(2)µ− = −C(2)tµ + (1− a)C(2)ϕµ .
(74)
In the light cone coordinates the Hamiltonian and diffeomorphism constraints have
the form
Hτ = (2πα′)Π+G++Π+ + 2(2πα′)Π+G+−Π− + (2πα′)Π−G−−Π− +
+
1
2πα′
X
(
G++(∂σx
+)2 + 2G+−∂σx
+∂σx
− +G−−(∂σx
−)2
)
+Hx ,
Hσ = p+∂σx+ + p−∂σx− + pµ∂σxµ ,
(75)
where
Hx ≡ (2πα′)ΠµGµνΠν + 1
2πα′
X∂σx
µGµν∂σx
ν ,
(76)
and where X =
(
e−2Φ +
(
C(0)
)2)
. Note that for simplicity we presume that there
is no electric flux so that πσ = 0. Now we are ready to study the relation between
sequence of canonical transformation, target space Wick rotation and world-sheet
double Wick rotation in the same way as in section (3). Let us presume that the
background does not depend on x− and perform the canonical transformation from
x− to ψ so we obtain the relation
pψ = − 1
2πα′
∂σx
− , p− = − 1
2πα′
∂σψ
(77)
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and hence we find
Π+ = p+ − 1
2πα′
C
(2)
+µ∂σx
µ + C
(2)
+−pψ ,
Π− = − 1
2πα′
(∂σψ + C
(2)
−+∂σx
+)− 1
2πα′
C
(2)
−µ∂σx
µ ,
Πµ = pµ − 1
2πα′
(C(2)µν ∂σx
ν + C
(2)
µ+∂σx
+) + C
(2)
µ−pψ .
(78)
As the next step we perform analytic continuation
(x+, ψ)→ (iψ˜,−ix˜+) , (p+, pψ)→ (−ip˜ψ, ip˜+) (79)
that implies
Π+ → −i(p˜ψ − TD1C(2)+−p˜+)−
1
2πα′
C
(2)
+µ∂σx
µ ,
Π− → i(∂σx˜+ − TD1C(2)−+∂σψ˜)−
1
2πα′
C
(2)
−µ∂σx
µ ,
Πµ → pµ − TD1C(2)µν ∂σxν − iTD1C(2)µ+∂σψ˜ + iTD1C(2)µ−p˜+ ,
(80)
so that the Hamiltonian and spatial diffeomorphism constraints take the form
H˜τ = −(2πα′)(p˜ψ − TD1C(2)+−p˜+)2G++ +
+ 2(p˜ψ − TD1C(2)+−p˜+)G+−(∂σx˜+ − TD1C(2)−+∂σψ˜)−
1
2πα′
(∂σx˜
+ − TD1C(2)−+∂σψ˜)2G−− +
+
1
2πα′
X(−G++(∂σψ˜)2 + 4πα′G+−∂σψ˜p˜+ − (2πα′)2G−−(p˜+)2 +Gµν(∂σxµ∂σxν) +
+ (pµ − 1
2πα′
(C(2)µσ ∂σx
σ − iC(2)µ+∂σψ˜ + i(2πα′)C(2)µ−p˜+))Gµν ×
× (pν − 1
2πα′
(C(2)νρ ∂σx
ρ − iC(2)ν+∂σψ˜ + i(2πα′)C(2)ν−p˜+)) ,
H˜σ = ψ˜∂σ p˜ψ + x˜+∂σp˜+ + pµ∂σxµ .
(81)
As the third step we perform canonical transformation along ψ˜ direction. We denote
dual coordinate as φ˜ so that we have
∂σψ˜ = −(2πα′)pφ˜ , p˜ψ = −
1
2πα′
∂σφ˜ . (82)
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Inserting these relations to H˜τ , H˜σ given above we derive the final form of the
Hamiltonian and diffeomorphism constraints
H˜τ = −(2πα′)( 1
2πα′
∂σφ˜+ C
(2)
+−p˜+)
2G++ −
− 2
2πα′
(∂σφ˜+ (2πα
′)C
(2)
+−p˜+)G
+−(∂σx˜
+ + (2πα′)C
(2)
−+pφ˜)−
1
2πα′
(∂σx˜
+ + (2πα′)C
(2)
−+pφ˜)
2G−− +
+ (2πα′)X(−G++(pφ˜)2 − 2G+−pφ˜p˜+ −G−−(p˜+)2 +
1
(2πα′)2
Gµν(∂σx
µ∂σx
ν)) +
+ (pµ − 1
2πα′
C(2)µσ ∂σx
σ + iC
(2)
µ+pφ˜ + iC
(2)
µ−p˜+)G
µν(pν − 1
2πα′
C(2)νρ ∂σx
ρ + iC
(2)
ν+pφ˜ + iC
(2)
ν−p˜+) ,
H˜σ = ∂σφ˜pφ˜ + ∂σx˜+p˜+ + pµ∂σxµ .
(83)
Finally we fix the gauge by imposing the constraints
pφ˜ =
1
2πα′
, x+ = τ . (84)
Then we obtain that the Hamiltonian for the physical degrees of freedom should be
identified as
Hfix = −p+ . (85)
From H˜σ we obtain ∂σφ˜ = −(2πα′)∂σxµpµ. Further we see that in order to have real
Hamiltonian we have to demand that C
(2)
µ+ = C
(2)
µ− = 0. Then the strong constraint
H˜τ = 0 is equal to
Hτ = −(2πα′)(pµ∂σxµ − C(2)+−p˜+)2G++ +
+ 2(∂σx
µpµ − C(2)+−p˜+)G+−C(2)−+ −
1
2πα′
G−−(C(2))2
−+ +
+ (2πα′)X(−G++ 1
(2πα′)2
− 2
2πα′
G+−p˜+ −G−−(p˜+)2) +Hx .
(86)
This equation can be solved for p˜+ and we obtain
p˜+ =
G˜+−
2πα′G˜++
− 2
2πα′G˜++
√
K+ pµ∂σx
µC˜
(2)
+− ,
(87)
where
K = (G˜+−)2 − G˜++G˜−− − (2πα′)2G˜++G˜−−X(pµ∂σxµ)2 − (2πα′)G˜++Hx ,
(88)
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and where we identified the new background fields
C˜
(2)
+− = −
C
(2)
+−G
++
G−−X+ (C
(2)
+−)
2G++
,
G˜++ = −XG−− − (C(2)+−)2G++ ,
G˜+− = G+−X− (C(2)+−)2G+− ,
G˜−− = −G−−(C(2)+−)2 −XG++ .
(89)
As in section (3) we compare this result with the uniform gauge fixed D1-brane
when we consider canonical dual Hamiltonian constraint
Hτ = (2πα′)Π+G++Π+ + 2(2πα′)Π+G+−Π− + (2πα′)Π−G−−Π− +
+
1
2πα′
X
(
G++(∂σx
+)2 − 4πα′G+−∂σx+pψ + (2πα′)2G−−(pψ)2
)
+Hx ,
Hσ = p+∂σx+ + pψ∂σψ + pµ∂σxµ ,
(90)
where
Π+ = p+ + C
(2)
+−pψ , Π− = −
1
2πα′
(∂σψ + C
(2)
−+∂σx
+) , Πµ = pµ − 1
2πα′
C(2)µν ∂σx
ν .
(91)
Then we perform the gauge fixing
x+ = τ , ψ = σ (92)
and we obtain
Π− = − 1
2πα′
, pψ = −pµ∂σxµ (93)
and hence the Hamiltonian constraint is equal to
0 = Hτ = (2πα′)Π+G++Π+ − 2Π+G+− + 1
2πα′
G−− +
+ (2πα′)XG−−(pµ∂σx
µ)2 +Hx
(94)
that can be solved for p+ as
p+ =
G+−
2πα′G++
−+C(2)+−(pµ∂σxµ)
− 2
2πα′G++
√
((G+−)2 −G++G−−)− (2πα′)2G++G−−X(pµ∂σxµ)2 − (2πα′)G++Hx .
(95)
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Now comparing (95) with (87) we see that these two gauge fixed Hamiltonians
have the same form when we perform the identification of the background fields
as was given in (89). It is important to stress that the transformation rules (89)
coincide with the rules that were derived in [11] when the double Wick rotation was
performed on the world-volume of uniform gauge fixed D1-brane action. We also
see that X does not transform again with agreement with [11]. Finally using the
arguments given in section (4) we can argue that (89) are in agreement with [9]
when C
(2)
+− = 0. Then we can rewrite (89) into the form
1√
(C(0))2 + e−2Φ
G˜++ = −
√
e−2Φ + (C(0))2G−− ,
1√
(C(0))2 + e−2Φ
G˜+− = G+−
√
(C(0))2 + e−2Φ ,
1√
(C(0))2 + e−2Φ
G˜−− =
√
(C(0))2 + e−2ΦG++ .
(96)
We immediately see that these metric components correspond to the S-dual metric
when we used the equivalence between D1-brane action and the fundamental string
action in S-dual background. Hence (96) precisely correspond to the rules derived
in [9] when are applied for the string moving in S-dual background.
In summary, we have shown that there is a equivalence between sequence of
canonical transformations and target space Wick rotation on one side and the double
Wick rotation on the gauge fixed D1-brane action on the another side. On the other
hand we also see that the components of the two form field C
(2)
µν that are transverse to
the directions where the canonical transformations were performed do not transform
while their change the sign in case of double Wick rotation of the uniform gauge
fixed D1-brane action. On the other hand we can argue as in section (2) that the
transformation C2 → −C(2) maps one solutions of the supergravity equations of
motion to another one (together with B → −B) and hence we see that there is an
equivalence between double Wick rotation on the world-volume of uniform gauge
fixed D1-brane and sequence of transformations: ”canonical transformation-target
space double Wick rotation-canonical transformation-C(2) → −C(2), B → −B).
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